An Ising-like counterion-binding model is developed and solved by a mean-field method. For G-actin, the calculated affinity constants of all the binding sites ranging from loose to tight binding match the experimental data. The model is used to calculate the interaction energy between two F-actin filaments. Within a certain counterion concentration range, a rapidly decaying attractive force between two parallel filaments is produced not only by the correlation of the counterion distributions on the two filaments, but also by the correlation of the configurations of the two filaments with fixed counterion positions, which has been ignored in previous calculations. The bundling energy depends strongly on the configuration of the filaments. Upon bundling, the tightly bound counterion site is not affected, but the medium and loosely bound ones are. The model reproduces the observed minimal divalent counterion concentration for bundling, and naturally predicts the resolubilization of bundles which is seen in recent experiments. At the optimal counterion concentration, we obtain a bundling energy of ;ÿ0.01 eV per monomer along the filament. The counterion valence strongly affects the optimal counterion concentration, but has only minor effects on the optimal bundling energy. We show that the attractive potential between filaments can be simplified as the sum of interactions between their monomers. This simplification makes it possible to calculate the exact free energy of a two-F-actinfilament system. We are thus able to probe the effects of filament length on F-actin bundling and obtain a critical length for bundling of 59 monomers at 1 mM monomer concentration and pH ¼ 7.2.
INTRODUCTION
Two polyelectrolytes with the same charge would naturally be expected to repel each other (Grønbech-Jensen et al., 1997) . But in sufficiently high concentrations of polyvalent counterions, DNA (Bloomfield, 1996 (Bloomfield, , 1997 , F-actin filaments (Kawamura and Maruyama, 1970; , microtubules , and other like-charged entities can condense or bundle together. Even single DNA molecules can form toroids (Baeza et al., 1987) , and F-actin can form rings (Tang et al., 2001) in the presence of polyvalent salt. These observations show that polyvalent counterions can mediate a lateral attraction between two like-charged polyelectrolytes or two parts of one polyelectrolyte. This has also been confirmed by simulation results for rods (Grønbech-Jensen et al., 1997; Stevens, 2001 Stevens, , 1999 and plates (Moreira and Netz, 2001; Lau and Pincus, 2002) . This counterintuitive attraction between like-charged objects cannot be explained by the mean-field approaches of Debye-Hückel or Poisson-Boltzmann theory unless some correlations or other corrections are introduced. Two approaches have been used to explain the counterion-mediated attractions (Gelbart et al., 2000) in the correlation picture. The first involves a fluctuation correction to the Poisson-Boltzmann mean-field theory. The attractive term is analogous to the van der Waals force except that it is mediated by classical mobile counterions instead of quantum mechanical electrons. Correlated thermal fluctuations of the condensed counterion density along two rodlike macroions has been studied (Oosawa, 1968) in this approach using the dipole approximation. The attractive force for two rods of high Manning parameter (lQ/ekT, where l is the line charge density of the rod and Q is the charge of counterions) was found to be proportional to T/R 2 , where T is temperature and R is the distance between the two rods. This dipole correction is inadequate when R is much shorter than the length of the rods. The second approach does not begin with mean-field theory. Instead it treats the counterions explicitly to some extent by simplified models or simulations (Ha and Liu, 1997; Stevens, 1999; Grønbech-Jensen et al., 1997; Diehl et al., 2001; Deserno and Holm, 2002) and includes multipole interactions and correlations naturally. It focuses on the short-range electrostatic correlations of the counterions on the two polyelectrolytes. Unlike the previous mechanism, low temperature enhances the attractive force (Grønbech-Jensen et al., 1997) . Ray and Manning also suggested a theory, which focuses on the interface between the condensed and diffuse counterion layers, to explain the counterion-induced attractive forces (Ray and Manning, 1994; Manning, 2003) . F-actin bundling or DNA condensation is determined by the competition between the attractive force, which favors bundling or condensation, and the entropy, which opposes it. The attractive force is induced by appropriate concentrations of counterions with high valence and strong binding affinity to the polyelectrolyte. Increasing the filament length can also enhance the attractive force. These factors have been clarified in a systematic series of bundling experiments . The entropic contribution can be reduced by increasing the stiffness of the polyelectrolyte. Although linear DNA requires counterions of valence at least 3 to aggregate (Bloomfield, 1996) , supercoiled DNA, which is stiffer and thus has less conformational entropy, can condense under physiological concentrations of divalent counterions (Ma and Bloomfield, 1994; Bednar et al., 1994) . A few experiments (Bruno and Mattice, 1992; Sedlak and Amis, 1992; Borsali et al., 1998; Manning, 2003) have shown that even monovalent counterions can cause DNA or other polyelectrolyte molecules to condense at dilute polyelectrolyte concentrations. A simple bead-spring chain model has been used (Stevens, 1999) to study the factors of filament length, stiffness, and counterion valence via molecular dynamics simulations. This model showed that sufficiently long and rigid filaments and divalent counterions are necessary for the filaments to form oriented bundles. Unlike other theoretical approaches, the calculations of Borukhov et al. (2002) treated the aggregation of semiflexible filaments using the effective interaction between the linkers (aggregation agents) instead of the interaction between the filaments, and showed that the filament rigidity is the dominant factor in this effective interaction. To our knowledge, the most complete calculations of bundling for mesoscopic systems have been performed for DNA (Kornyshev and Leikin, 1998) . They obtained bundling interactions by fixing the counterion positions and simplifying the DNA structure somewhat.
In this article, we present results for F-actin bundling performed using a realistic atomic structure, and study the dependence of bundling on the counterion concentration. Our simplified model, mean-field approach, and largesterror-correction algorithm, described in the next section, allow us to place counterions accurately in the atomic-level filament structures. Using these atomic structures, we obtain a broad range of results which can be compared to experimental data and cannot be obtained by simpler approaches, including binding patterns (the set of the probabilities for sites in a protein to bind specific counterions), affinity constants, and the dependence of the attractive force on the two filaments' spatial configuration (rotations around their center lines and relative displacement). We also vary the counterion concentrations in our model so that we can study the dependence of the attractive potential on counterion concentration.
There are two important approximations in our microscopic model. The first is that only electrostatic interactions and a simplified form of steric interactions are considered. As the second and the most important approximation, water is treated as a uniform dielectric medium, and the counterion solution is modeled by a background whose functions are to provide counterions to occupy the discrete binding sites (BS) on the polyelectrolyte and to generate long range screening; only the bound counterions are involved in the electrostatic interactions, except for Debye screening effects. The bound nature of the counterions does not mean that they are immobile; they can move around one BS, jump to another BS or escape to the solution. The binding probability (discussed later) of bound counterions to a BS describes the counterion density around this BS. The counterion concentration determines the ability of the background to provide counterions. The explicit treatment of counterions already includes the short-range screening, and we include no additional effects of this type. We model longer-ranged screening with the Debye-Hückel form exp[ÿk(rr b )] at larger distances (r [ r b ), where k is the Debye-Hückel screening constant and r b is a cutoff distance.
The organization of the remainder of the article is as follows. The next section introduces the counterion binding model, which includes protons as well as divalent counterions (to avoid confusion, we do not use the term counterion to refer to protons). In the following section, we apply our Ising-like mean-field model to G-actin and study the hierarchy of binding sites. In following sections, the interaction between two parallel F-actin filaments is evaluated, and a short-ranged attractive interaction is found within a limited range of divalent counterion concentrations. The counterion concentration which neutralizes the F-actins gives the largest attractive force. Extremely high concentrations can overcharge the F-actins, as discussed in Shklovskii (1999) . This makes the interaction repulsive or only weakly attractive so that debundling occurs. This debundling phenomenon was recently confirmed (Tang et al., 2002) and denoted resolubilization. After obtaining the counterion-mediated attraction between F-actin filaments, we study the statistical mechanics of F-actin bundling. We first simplify the attractive potential to a sum of analytically expressed interaction terms between their monomers. With this simplification, we calculate the exact free energy of the two-F-actin system and discuss the relation of F-actin bundling to filament length and actin concentration.
Counterion binding model
We assume that the counterions interact only with charged amino acids Arg, Lys, and His, which can bind a proton and be positively charged, or Asp and Glu, which can lose a proton and be negatively charged. The counterions concentrate near the negatively charged sites. The protons can also bind to some neutral sites. Our main approximation is that a counterion or proton can have two states: bound at a site, or free. The electrostatic interactions involving the free state are ignored. For simplicity, the bound counterion is regarded as having the position of its binding site in evaluating interactions with other sites and their bound counterions. For a particular type of counterion, a binding site on the protein thus has two states: occupied or unoccupied, like a spin in the Ising model. Therefore in our model we consider only the binding sites, their binding states, and the electrostatic fields from all charges. This approach extends those of Ha and Liu (1997) and Diehl et al. (2001) , which treated a periodic array of binding sites on idealized filaments. Our approach uses a more accurate atomic structure than that used in the DNA-bundling calculations of Kornyshev and Leikin (1998) . Unlike their model, our model accounts for rearrangements of bound counterions.
We obtain the atomic structures from the Protein Data Bank (PDB). As in the simpler version of the CHARMM approach using the ''charmm21.chg'' file (Brooks et al., 1983) , the charges are assigned as follows: 20.5 e to O d1 and
and O 3g of ATP; 0.5 e N h1 and N h2 of Arg; and 1 e to N z of Lys. The N-terminal, if it is not acetylated (for actin the N-terminal is acetylated), and the C-terminal, are also assigned charges. Unlike Arg and Lys, which have pK d values [10 and always bind protons if the pH value is not too high, the pK d value of His is 6.04 (Lide, 2000) and its proton binding is very sensitive to pH. The model starts with neutral His and allows it to bind a proton on N d1 or N e2 to give positive charges whose magnitude is determined by the pH value and polyvalent counterion concentration according to our algorithm described below. All negatively charged atoms are binding sites for both types of counterions.
Like the Ising model, the model can be treated by meanfield methods to reduce the computation relative to other methods, such as Monte Carlo simulation. We found the Monte Carlo approach impractical for calculating filamentfilament interactions. However, we have performed Monte Carlo calculations for single monomer counterion binding, and find results similar to the mean-field results. We use the binding probability arrays fm i g and fh i g of counterions and protons, respectively, to sites i, to describe the state of the system. The free energy of the counterion-proton system, G MP , is written as with the restrictions m i 5 0 for all q i $ 0 and h i 5 0 for all q i [0. Here, q i is charge of site i in the absence of counterions, e is the dielectric constant of water (e 5 78), Q is the counterion charge, r ij is the distance between sites i and j, r sm is the distance of a binding site to its bound counterion, c m is the concentration of counterions, q ref is a reference charge of 20.5 e, and c 0 is the dissociation constant of an isolated hypothetical binding site of charge q ref with all other charged sites neutralized. We deal with generic divalent counterions and c 0 is assumed to be the same for all sites. We thus ignore their local geometrical and chemical environment differences. Term 1 contains the Coulomb interactions between the charged sites. Terms 2 and 3 in Eq. 1 are Coulomb interactions involving site charges and counterions. Terms 4 and 5 describe the competition between the attachment energy to the binding site and the higher counterion entropy in the free state. Term 4 accounts for the interactions between counterions and the binding sites closest to them. These interactions vary from site to site because of the variations in q i . Thus the model includes both a localized interaction between a counterion and a particular binding site, and a more delocalized interaction with other charged sites. The localized interactions are too weak to bind counterions, so the delocalized terms are essential. The variations in Term 4 affect the affinity of the tightly bound site only weakly, and the other results are quite insensitive to the value of r sm . We choose r sm 5 2.7 Å , because it is a typical distance between divalent metal ions and oxygen atoms. We have also tried r sm 5 3.7 Å , and the only noticeable difference is in the k d value of the tightly bound site which changes from 23 nM to 27 nM.
In Term 5, the interaction of divalent counterions with a single binding site charged with 20.5 e is in some ways analogous to the interaction between monovalent ions, for example Na 1 and Cl 2 , in a salt solution. At a concentration of 6 M, Na 1 , and Cl 2 bind and form a crystal. So, as a rough estimate, we take c 0 5 5 M. With this choice of c 0 , we obtain a high-affinity binding constant matching the experimental one in the next section. Changes in the value of c 0 can shift the concentration-related quantities, such as affinity constants, but do not affect the binding patterns or the value of the attractive interaction at the optimal counterion concentration. Terms 6 and 7 include the entropy associated with the binding probability, which has a maximum when all sites are half occupied. In the analogous uncoupled Ising spin system, the spins have a probability of a 1/2 to be up or down.
Terms 8-13 are analogs, for protons, of terms 2-7. Terms 14 and 15 describe interactions between counterions and protons. We assign the value 1.6 Å to r sh , which is close to the O-H bond length; r mh is given the value 2.7 Å (the same as r sm ), because the small size of a proton moving around its binding site means that we can regard it as being at the position of this site on average. Our results are insensitive to these parameters. Changing r sh from 1.6 Å to 2.6 Å causes
a ;5% increase in the binding high affinity and has no effect when the counterion concentration is [0.1 nM. The effect of changing r mh from 2.7 Å to 2.4 Å is even smaller. c i p0 is the proton dissociation constant for a single isolated binding site (site i). The values of c i p0 are 1.19 3 10 26 M for His, 4.83 3 10 24 M for Glu, and 1.33 3 10 23 M for Asp and other groups. These values are chosen so that we correctly obtain the experimental pK d values of the amino acids (Lide, 2000) which have two binding sites: 6.04 for His, 4.15 for Glu, and 3.71 for Asp.
In addition, we define a long-range screening factor:
where k is the Debye-Hückel screening constant, determined by the salt concentration and the pH value. If r b is not too small, its value affects the results only slightly. The G-actin affinity data for r b equal to 20 Å and 30 Å almost coincide if the divalent counterion concentration is \100 mM, the concentration range generally used in bundling experiments. We take r b 5 20 Å for our calculations. In our model, the bound counterions are distributed around the binding sites and their screening interactions are explicitly taken into account. The ions farther from the binding sites produce a much weaker screening. The D(r) term treats this weak long-range screening in the traditional Debye-Hückel method; it is cut off at shorter distances to avoid doublecounting the screening. We take the cations to be divalent and the corresponding anions to be monovalent. At high salt concentrations, the calculated screening length (1/k) can be close to 1 Å , which is not physical. We thus set 1/k 5 10 Å when the screening length is \10 Å . Changing this cutoff to 15 Å makes no noticeable difference to our results unless the counterion concentration is very high. At 100 mM, the effect on the number of bound counterions is only 2%.
To obtain the minimum energy configuration, we let @G MP @m i 50 for sites with q i \0;
and @G MP @h i 50 for sites with q i # 0:
Thus, our equilibrium condition is
where U i is the electrostatic potential for the bound counterion/proton at site i,
We assume that the system is always in a state of local equilibrium. The time spent in jumping between states is ignored because of the high barriers between local equilibrium states. To obtain the equilibrium state, we solve for fm i g and fU i g self-consistently using an updating method described below. The final fm i g are sensitive to the initial fm i g and the updating methods. That is to say, there are numerous local minima. Although our strategy cannot guarantee finding the global minimum, it usually finds a lower energy than using random initial fm i g or other updating methods that we have tried. In addition, we will see later that the most important aspects of many local minima, such as the force-distance relation between two filaments, are similar in our results. The update procedure is as follows: from a state with no bound counterions, we find the lowest U i site and put a counterion on it. We then update fU i g according to Eq. 7 and repeat the procedure until U i [ 0 for all sites i. We use the resulting fm i g as the initial state and update according to the following largest-error-correction algorithm: from fm i g and fh i g, we obtain fU i g and then from fU i g we obtain a new set fm new i g and fh new i g according to Eqs. 5 and 6. Among all these sites, find the largest error jm new k 2m k j (if there are two equal ones, we choose one randomly) and replace m k with m new k . Do the same to h k and h new k . We repeat this procedure until the largest errors are \10 26 . This largest-errorcorrection algorithm spontaneously breaks the symmetry of the two filaments and always finds a lower minimum than if all the fm i g/fh i g are replaced at once. For two parallel filaments, if the environments of two sites, one on each filament, are the same, the latter algorithm assigns equal binding probabilities to the two sites; in contrast, our largesterror-correction algorithm often obtains symmetry breaking and a correspondingly lower energy.
Binding affinity hierarchy of G-actin
In addition to the work described here for actin, we have used this model to calculate the binding patterns of 14 Ca 21binding proteins in solution and correctly predict ;80% of all binding sites. The results will appear in a separate article. Here we focus on the Ca 21 -binding sites in actin. From the 1ATN PDB file , the structure of the complex of G-actin 1 ATP can be obtained by deleting chain D and other hetero molecules. We choose this structure because it is a suitable building block for an F-actin filament structure . There are 181 sites that can bind counterions or protons, or are positively charged. In the calculations, the pH value is fixed at 7.6, which is the experimental condition in the work of Strzelecka-Golaszewska et al. (1978) , and the metal ion concentration is adjusted so that the sum of the binding probabilities of all binding sites N ion is very close to N exp , where N exp is the number of bound ions in the PDB files. There is only one high affinity site for the G-actin1ATP complex in the PDB file, so in this case N exp 5 1. To obtain N ion 5 1, we adjust the divalent counterion concentration to 0.2 mM. The calculated binding probability at the site HETATM 4990 O2G ATP is 0.944, whereas the three negatively charged sites in the PDB file closest to the observed position of the bound ion are 2.50 Å for HETATM 4990 O2G ATP, 2.62 Å for HETATM 4993 O1B ATP, and 4.29 Å for HETATM 4991 O3G ATP. Thus the model obtains the high affinity site very precisely.
Actin will bind more counterions with increasing counterion concentration. Very weak binding cannot be detected by experiment, so we consider only c m \ 0.1 M. The results for N ion are shown in Fig. 1 (solid line) . The dotdashed and dashed curves are fits of our data using simplified two-and three-level models. The better fit of the three-level model is consistent with the experimental data (Sheterline et al., 1998) . The three levels are: 1), a high affinity level containing one site; 2), an intermediate affinity level containing four sites; and 3), a low affinity level containing five sites. The difference between the high affinity site and other sites is large enough that we can clearly see a shelf in the solid line. The dissociation constants fitted by three affinity levels fit the experimental values (Sheterline et al., 1998) well, as Table 1 shows.
During polymerization to form F-actin, and F-actin bundling, we find that the location of the high affinity site does not change (Fig. 2 a) . However, polymerization dramatically changes the rest of the binding pattern. The binding pattern change induced by bundling is much smaller so that the averaged binding patterns over different monomers for the free and bundled filaments are very close. The detailed binding patterns for the free and bundled filaments (Fig. 2 b) show that some of the positions of the intermediate and low affinity sites differ between the free filament and the bundled filaments. These changes result from the correlations of the counterion binding patterns in the filaments. In Fig. 2 
INTERACTION BETWEEN TWO F-ACTIN FILAMENTS
We study only the interaction between two parallel filaments. The F-actin structure is built from the 1ATN PDB file as in the work of Holmes et al. (1990) . The pH is fixed at 7.2, the condition used in . In the filament construction, we let the filament center line be the z-axis, and the bottom monomer be located at the origin. After filament a is built, it is rotated by an angle f a around the z-axis. Filament b is rotated by an angle f b around the z-axis, displaced by d z along the z-axis, and moved by R along the x-axis. Thus three parameters (f a , f b , and d z ) determine a configuration of two parallel filaments. For each configuration, the center-to-center distance between the two filaments, namely R, is variable, and we can study the R-dependence of the interaction for varying configurations. F-actin is periodic with period 13 G-actins, so we let this be the length of both the filaments. We have also treated other filament lengths and find that the bundling energy is linear in the length. The angles f a and f b range from 08 to 3608; d z ranges from 0 to H m /2, where H m is the height of a monomer in the filament (27.1 Å ). We determine the minimal distance between two parallel filaments by assuming that the shortest allowed interatomic contact between the two different filaments r ex is 5 Å , because there can be one counterion between them. We choose this value because for most bound divalent counterions, the distance between the counterion and its binding site is ;2.5 Å . The distance could be shorter, but our calculations show that if R is less than the contact distance derived from the 5 Å exclusion distance, the attractive force can rapidly change to be repulsive. This occurs because a charged site s b in filament b can be closer to the center line of filament a than a charged site s a in filament a, and the attractive force between the two sites causes the filaments repel each other. In addition, the variation of the bundling energy with r ex is only ;0.01-0.02 eV/Å for the 13-monomer long filament, or 5-10% of the maximum value, and this does not affect our subsequent results strongly. In our calculations, we use a uniformly spaced mesh of 10 f a and 10 f b values: 08, 368, 728, . . . , 3248. For d z , we use 11 values: 0, 0.05 H m , 0.10 H m , . . . , 0.50 H m . Thus, 1100 configurations need to be treated. All atoms are used to determine the minimal distance instead of only the charged sites and binding sites. The minimal center-to-center distances, R c , of these configurations range from 74.5 Å to 102.1 Å , and the arithmetic average is 87.8 Å . Since configurations with shorter distances may have more contacts and thus lower energy, the thermally weighted average is much closer to 74.5 Å . This average depends somewhat on filament length; the value for 13-monomer filaments is near 75 Å , and we use this value in the simplified bundling calculations described below. The results for three different counterion concentrations using the configuration (2168, 1448, and 10.92 Å ), which gives a near-optimal bundling energy, are presented in Fig. 3 , a-c. To optimize our solution for fm i g, the calculations are carried out from R c to 500 Å , and then go back to R c . Different step sizes are used: 1.5 Å for distances \110 Å , and 15 Å for greater distances. Except the first point, each step begins with the calculated binding patterns of counterions and protons of the previous step as the initial binding probability set, and then continues with the largest-errorcorrection algorithm. In most cases, the returning (from far to near) curves are almost identical to the leaving curves. If not, the returning curves have a free energy slightly lower than that of the leaving curves, and are smooth. That is to say, if there is a jump between different minima, it always happens in the leaving curve. So the returning curves are regarded as the results. At low divalent counterion concentrations (Fig.  3 a) , the two filaments are both highly negatively charged. Although there is a short-ranged attractive component, it is overwhelmed by the strong repulsive force. A long tail results from the weak screening (1/k ¼ 55.6 Å ). At the optimal divalent counterion concentration (Fig. 3 b) , the two filaments are almost neutralized or weakly charged. The short-ranged attraction therefore exceeds the repulsive electrostatic forces. The three different energy minima result from three different initial separations. Their force-distance behaviors are almost the same, and the bundling energies are close: ÿ0.168 eV for the solid line, ÿ0.166 eV for the dotdashed line, and ÿ0.164 eV for the dashed line. The reason for the similarity of the curves can be understood via the following simple example: there is a negatively charged site in each of the two filaments, and they are at opposing positions. Their intrafilament electrostatic environments can be different. When the filaments are close, the equilibrium states are defined by a counterion being bound at one of these two sites. Which site it is bound at does not affect the force very much, but since the intrafilament interactions may be different, the total energies may be different. Since we assume that the system is always in one of these minima, the average behavior can be represented by that of any one of the minima. Thus the problem of the global energy minimum is separate from that of the force-distance curve. At high divalent counterion concentrations (Fig. 3 c) , the two filaments are both overcharged by counterions and thus have positive net charge. As for low concentrations, the repulsive force dominates. The screening of the salt solution is strong, leading to a rapid dropoff of the interactions.
The free energy difference between the minimal contact distance and the long-distance limit (500 Å ) determines the extent of bundling, so it is called the bundling energy E b . Our calculated value of E b per monomer is ;0.01 eV in optimal counterion concentrations. The relation between E b and the counterion concentration for the same configuration as in Fig. 3 is shown in Fig. 4 . It is seen that there is a concentration range of a factor of ;100 for bundling. When other higher-energy configurations are included by thermal averaging, the average starting concentration for bundling is ;10 mM, close to the experimental ones. In the work of , the starting concentration for Ca 21 is measured to be 15 mM, and that for Mg 21 is 25 mM. These differences may be caused by the different c 0 values of those divalent counterions.
The positive bundling energy at high divalent counterion concentrations leads to debundling. Recent experiments (Tang et al., 2002) have demonstrated this phenomenon, which is called resolubilization. In these experiments, the bundling transition is sharper than the debundling transition when plotted on linear concentration scale. In Fig. 4, E b vs. c m is almost symmetric around the optimal concentration on the logarithmic scale, so the calculated bundling transition would also be much sharper on a linear scale. The resolubilization happens at ;300-500 mM in our model. In the experiments (Tang et al., 2002) , the debundling concentration of the ''fd'' virus is near 380 mM, and that for the M13 virus is ;220 mM. Our range of values for F-actin is close to these values.
Because previous work in the field has focused on the contribution of counterion correlation effects on bundling, we separate out the contribution of these correlations to E b . We define E fix b (triangles in Fig. 4) as the bundling energy at the minimal contact distance with the binding pattern fixed to be that for the largest distance. The counterion correlation energy due to the change of the binding pattern is then E corr
, which is shown as the squares. We see that E fix b is also an important part of the attractive E b near the optimal concentration, accounting for approximately one-half of E b . This implies that even with the counterion positions frozen, there is a substantial attractive interaction. This has been ignored in all previous work on poly-electrolyte bundling. It shows that the correlation of single-filament configurations plays an important role in bundling. E fix b is strongly FIGURE 4 Dependences of bundling energy E b (circles) for two parallel 13-subunit filaments, fixed-binding-pattern bundling energy E fix b (triangles), and correlation bundling energy E corr b (squares), on counterion concentration c m . Lines drawn to guide the eye.
correlated with E b . Sampling 220 of the total 1100 twofilament configurations (sampling all of them would have been computationally unwieldy) at 32 mM (the optimal concentration for most two-filament configurations), we obtain the correlation shown in Fig. 5 . The difference between the best and worst two-filament configurations is close to 0.2 eV. There are even a few two-filament configurations with positive E b at the optimal concentration. Statistically averaging using exp(ÿE b /kT) as the weight shows that the few lowest energy two-filament configurations dominate the thermodynamics of the two filaments. Thus, although the two filaments are not fixed in a twofilament configuration, the correlation of configurations is crucial for bundling. This filament configuration correlation is especially important at low temperature or for longer filaments, which have a large E b difference between the preferred two-filament configurations and others. The strong filament configuration correlation could lead to different bundling states of F-actin.
In Fig. 6 , the dependence of E b on temperature is evaluated, assuming that the model parameters are constant in a limited temperature range from 270 K to 330 K. It is seen that lower temperature gives rise to a lower divalent counterion concentration for bundling. This occurs because low temperature enhances binding of counterions, rendering the filaments closer to being charge-neutral at low divalent counterion concentrations. Assuming a minimal value E b ¼ ÿ0.1 eV per repeat unit ¼ ÿ0.008 eV/monomer for bundling (this requirement gives reasonable values of the critical filament length for bundling in next section), the required counterion concentrations are 6.7 mM at 270 K, 10.5 mM at 300 K, and 15.7 mM at 330 K. In other words, lower temperature increases the attractive force if the counterion concentration is somewhat lower than the optimal one for the higher temperature. For example, at c m ¼ 10 mM, the values of E b are ÿ0.042 eV for 330 K, ÿ0.096 eV for 300 K, and ÿ0.133 eV for 270 K. Low temperature also lowers the counterion concentration for debundling but to a lesser extent. In this range, the temperature has no apparent effect on the value of E b at the optimal concentration.
Increasing the counterion valence decreases the c 0 value and is expected to lower the counterion concentration required for bundling. In fact, the required concentration is lowered even if we make the crude assumption that c 0 is constant (Table 2) . Since the c 0 value should be larger for monovalent counterions, their optimal concentration is [1 M. Our model does not rule out the possibility that monovalent counterions can induce F-actin bundling, but the counterion concentration required is much higher than those for multivalent counterions. Experiments (Bruno and Mattice, 1992; Sedlak and Amis, 1992; Borsali et al., 1998; Manning, 2003) have shown that monovalent counterions can cause aggregation of DNA or other polyelectrolyte molecules in the dilute polyelectrolyte concentration range (we ignore the experimental reports for concentrated DNA solutions because the filament concentration is also a important factor for bundling/aggregation). To our knowledge, there are no such reports for F-actin. Experiments treating monovalent counterion concentrations up to 1 M have found no bundling (Tang, 2003, private communication) .
Surprisingly, the optimal E b does not depend strongly on the counterion valence. Although a single higher-valence counterion can mediate a stronger attractive force than a single lower-valence counterion, the number of these counterions bound to the filament is smaller. This tradeoff keeps the optimal E b roughly constant. Because there are numerous positively charged sites (Arg or Lys residues) on the surface of F-actin, we find that even hypothetical counterions of valence 0.5 (which equals the magnitude of the charge of most of the negatively charged sites of F-actin in our model and cannot change the sign of these sites) can induce an attractive force of the same magnitude as that from multivalent counterions, for some two-filament configurations, and extremely high counterion concentrations. In this case, the filament configuration correlation plays a more obvious role, and the attractive force results from the interactions between the positively charged residues in one filament and the unneutralized negatively charged sites in the other filament. The role of the counterions is to reduce the repulsion between the negatively charged sites in the two filaments by neutralizing some of them.
Statistical mechanics of F-actin bundling at the two-filament level
Simplification of two-filament potential
To perform filament-bundling calculations in a computationally tractable way, we simplify the two-filament potential at the optimal counterion concentration in three steps. First, we approximate the interfilament potential of two parallel filaments by an exponential function. The energy at a center-to-
where E b is the bundling energy at the contact distance R c 5 75 Å , and R 0 is a decay length. For all sampled configurations, the exponential function fits well with an error \0.001 eV. Second, we thermally average E b and R 0 over different configurations. Because E b substantially exceeds kT at the optimal counterion concentration, we are still dealing mainly with several lowest-energy configurations. Our average over the samples from the 1100 twofilament configurations gives E b 5 20.137 eV and R 0 5 7 Å . Other values are also used in calculations described below, as a sensitivity check. The third approximation is that we write E(R) as a sum of effective radial monomermonomer interactions,
where a and b are two filaments containing monomers i and j respectively, R ij is the distance between the centers of i and j, and R 1 is a decay length. We let the monomermonomer interaction be zero for R ij [ 100 Å in Eq. 9. This implies that the bundling energy for parallel filaments varies fairly linearly with filament length, consistent with our results. Choosing R 1 5 R 0 and adjusting only E mm , this method gives an excellent fit for parallel orientations, with the largest error \0.001 eV for all of the E b and R 0 values that we have tried. For skew orientations, the equation above should describe the interaction qualitatively. The statistical weight of skew orientations, in which the filaments only have a small amount of contact, is much less than those of parallel orientations (in which two filaments have a perfect contact) and free states (which contribute a much larger entropy). Thus we believe that our simplified potential can accurately describe the thermodynamics of the F-actin filaments at the optimal counterion concentration.
Two-filament bundling
To evaluate the statistical mechanics of the filament-filament interaction, we consider two filaments in a cylinder. Filament a is fixed at the center along the z-axis. The volume v 0 of the cylinder is determined by the condition that if the center of filament b is out of the cylinder, it will not interact with filament a.
In two-dimensional R-z space, where R is the center-tocenter distance, the statistical weight of a point (R, z) is 
The total statistical weight of the cylinder volume is
and the average energy is
We define the bundling extent of a particular position and orientation described by (R, z, u, f) as E(R, z, u, f)/E min , where E(R, z, u, f) is the energy of this position-orientation state and E min is the lowest energy for all two-filament position-orientation states, which is obtained when two filaments have a complete contact. Then we take the average bundling probability for filament b restricted to v 0 to be
For a sufficiently low monomer concentration (the filament concentration is measured by the corresponding monomer concentration), two filaments will typically occupy a volume v [ v 0 , and one readily shows that
where 4p is the orientational statistical weight of a point outside of v 0 where filament b can rotate freely without contacting filament a. The complete calculation for a twofilament system of a certain length consists of two steps: integration over the orientation space of filament b (Eq. 11), and integration over its R-z coordinates (Eq. 13). The orientation and R-z coordinate spaces are divided into small cells, and a point in each cell is randomly chosen to represent the cell because this allows us to check the accuracy of the calculations conveniently. The cells are chosen small enough so that two calculations with different point sets have nearly identical results. In general, the resulting difference between two p b0 values is \0.5%.
RESULTS
Using our averaged E b and R 0 values (ÿ0.137 eV and 7 Å ), we can obtain the critical bundling length L c , which is defined as the filament length L required for p b ¼ 1/2 at a certain monomer concentration. To evaluate the sensitivity of our results to variations in the values of E b and R 0 , we present in Table 3 results for eight fE b , R 0 g pairs at a monomer concentration of 1 mM, chosen to test the effects of 20-30% variations in the parameters. In cases having L c [90 Å , the results are obtained by using a linear fit as discussed below. Lower E b values and larger R 0 values enhance bundle formation and shorten L c . L c is more sensitive to E b than to R 0 , because E b determines the statistical weight of the bundled state exponentially and R 0 only affects it linearly. In the range of ÿ0.15 eV # E b # ÿ0.10 eV and 5 Å # R 0 # 7 Å , L c is between 50 and 100 monomers. The dependence of p b at 1 mM on L for fÿ0.137 eV, 7 Å g is shown in Fig. 7 . The form of the function on the y-axis is explained below; y ¼ 0 is the cutoff value for bundling. When the actin concentration is 1 mM, L c is 59 monomers. Increasing the actin concentration does not reduce L c much. For instance, L c is 54 monomers at concentration of 7 mM. The experimental value is ;50 monomers at the same pH value (7.2) and an actin concentration of 4.6 mM (0.2 mg/ml), using a different bundling agent (Lys 18 with a high valence). The approximate independence of the optimal E b from the counterion valence (Table 2 ) means that we can legitimately compare our results to this experimental value. To explain the bundling behavior shown in Fig. 7 , we solve a simple two-state model. In this model, the twofilament system has two states: bundled and free, with free energies F b and F f , respectively. The monomer concentration C affects only the entropy of the free state. The average volume v occupied by the two filaments is determined by C and L. Most of this volume belongs to the free state. Therefore,
where C 0 is a reference concentration, taken to be 1 mM; L 0 is a reference filament length; and F f 0 is the free energy for L 0 and C 0 . Neither C 0 nor L 0 affects the final results, but we give a value for C 0 to avoid taking the logarithm of a nondimensionless quantity. The enthalpy of the bundled state is proportional to L. L affects the entropy of the bundled state relative to that of the free state in two ways. First, because of steric hindrance, the longer the filaments, the more restricted are the orientations of the bundled filament b. Second, at a fixed monomer concentration C, the volume for the free state increases as L increases, but the volume for the bundled state does not change much, because its main contribution to the partition function comes from a narrow region in translational phase space where the center of filament b is close to that of filament a (especially for the long filaments). These factors appear in the free energy at most in the order of ln(L). Thus, the free energy difference can be written as F b ÿ F f ¼ ÿkT lnðC=C 0 Þ ÿ a 1 L ÿ a 0 1 a 2 lnðLÞ; (17) where the first term is the negative of the translational entropy in the free state, the second term is the filament binding energy, and the remaining terms account for the loss in rotational entropy, and corrections to the translational entropy. a 1 is expected to be positive since the bundling energy is negative, and a 2 should also be positive since the angular freedom of the bundled state decreases and the volume of the free state increases with increasing L. In addition,
Therefore, kT ln p b 1 ÿ p b ÿ kT lnðC=C 0 Þ ¼ a 1 L 1 a 0 ÿ a 2 lnðLÞ:
This equation gives a satisfactory fit (dot-dashed line) to the computational data (solid line) as shown in Fig. 7 . The 2 mM results that we obtain are essentially indistinguishable from the 1-mM results. This confirms that the contribution from C is mainly included in the term kT ln(C/C 0 ), as is assumed in Eq. 17. For small L, the energy reduction from increasing L cannot compensate for the loss in entropy in the bundled state, and p b slopes down. With further increasing L, the magnitude of the bundling energy increases proportionally to L, and dominates the entropy loss, which is at most proportional to ln(L).
To obtain a better fit for extrapolating to larger L values, we develop a further approximation. In a narrow region of large L, we can assume that the entropy loss is nearly constant, so that kT ln p b 1 ÿ p b ÿ kT lnðC=C 0 Þ ¼ aL 1 b:
We use this equation to fit the four points of length from 48 to 60 monomers and obtain a ¼ 0.0093 eV/monomer, b ¼ ÿ0.54 eV. The value of a is close to minus the energy change resulting from adding a monomer to each filament in the closest contact two-filament configuration, which is 0.0105 eV/monomer. Our two-filament model is only an approximation, and it works when multifilament cooperative effects are not strong. The multifilament interactions are not additive, as discussed in Ha and Liu (1999) and Podgornik and Parsegian (1998) , due to competition between the binding pattern correlations and/or the configuration correlations. We note that Sear also studied the bundling resulting from the interaction between two filaments using an analytic model (Sear, 1997) . We estimate the critical bundling length for E b ¼ ÿ0.01 eV/ monomer and R 0 ¼ 7 Å from his Eq. 4, and obtain 80 monomers. This is close to our exact result of 59 monomers.
CONCLUSIONS
We have analyzed an Ising-like counterion binding model which accurately describes the binding of divalent counterions to proteins. This model confirms the three affinity levels for divalent counterion binding sites of G-actin, with the correct binding affinities. By solving the model for two F-actin filaments, we have obtained the bundling interaction. During polymerization and bundling, the high-affinity site is unaffected but others are substantially repopulated. The difference in binding pattern induced by bundling is much smaller than that caused by polymerization. The attractive force results not only from the binding pattern correlations but from the filament configuration correlations with fixed binding patterns as well. The bundling energy depends strongly on the configuration of the filaments. The results show that a divalent counterion concentration between 10 mM and 300 mM is needed to produce a sufficient attraction for F-actin bundling. Too high a divalent counterion concentration results in debundling. At the optimal counterion concentration, the bundling energy per monomer along the filament for near-optimal configurations is ;ÿ0.01 eV. Although the valence of the counterions strongly affects the optimal counterion concentration, it does not strongly affect the optimal-concentration bundling energy. Finally, simplifying the bundling interaction to a sum of monomermonomer interactions has allowed us to study the statistical mechanics of F-actin bundling. We obtain a critical bundling length that is close to the experimental value.
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